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Diffusion	  

•  Mo;va;on:	  
Why	  is	  it	  interes;ng?	  

•  Theory:	  
What	  is	  it?	  

•  Applica;on:	  
What	  can	  we	  learn	  from	  studying	  it?	  



Phenomenological	  defini;on	  

	  
Diffusion	  

=	  
Passive	  transport	  of	  par;cles	  due	  to	  

thermal	  energy	  



Important	  PIs	  

•  Robert	  Brown,	  
botanist,	  1773-‐1858	  

•  Albert	  Einstein,	  
physicist,	  1879-‐1955	  

•  Marian	  Smoluchowski,	  
physicist,	  1872-‐1917	  



Macroscopic	  visualiza;on	  

•  PipeUe	  colored	  liquid	  in	  an	  agar	  plate	  and	  
watch	  it	  over	  ;me	  

à	  Video	  



Everything	  flows	  

•  Thermal	  energy:	  
k·∙T	  =	  4·∙10-‐21	  J	  

•  Electrosta;c	  energy	  (2	  charges	  at	  3	  nm):	  
q1q2/4pe0err	  =	  1·∙10-‐21	  J	  

•  Gravita;onal	  energy	  (27	  kD	  at	  10	  µm):	  
m·∙g·∙h	  =	  4·∙10-‐27	  J	  

à	  Gravity	  is	  irrelevant	  on	  biological	  scales	  



Mass	  ≙	  diffusion	  coefficient	  
•  Macroscopic	  world:	  
Immobile	  =	  Large	  mass	  

	  
	  

•  Microscopic	  world:	  
Immobile	  =	  Large	  fric;on	  (=diffusion	  coefficient)	  

WIND	  
(random	  force)	  

paper	   dumbbell	  

dextran	  

COLLISIONS	  
(random	  force)	  

protein	  



The	  diffusion	  coefficient	  
•  The diffusion coefficient describes how far a particle 

can travel within a given time t: 

•  For a sphere it is given by 

à  A particle is fast at high temperature T, small radius r 
 and low viscosity η of the liquid 

D = kT
6πηr

x= 6Dt
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Typical	  diffusion	  coefficients	  
•  Proteins: 5-40 µm2s-1 

•  mRNA: 0.04 µm2s-1 
•  Membrane: 0.001 - 1 µm2s-1 
•  Telomere: 0.002 µm2s-1  
•  PML body: 0.0001 µm2s-1 

à  Proteins/RNAs need < 2 minutes to diffuse through 
 the nucleus 

à  Nuclear bodies and chromosome loci are less mobile 
à  Only binding to chromatin/NBs can slow you down 



The	  cell	  is	  well-‐mixed	  

=	  

-‐  The	  content	  of	  all	  compartments	  is	  well-‐mixed	  
-‐  Only	  membranes	  represent	  barriers	  for	  diffusion	  

à Steady-‐state	  distribu;on	  not	  super-‐important:	  
Everything	  gets	  everywhere	  (example:	  NoRC,	  HP1)	  



Microscopic	  world:	  Random	  Walk	  

•  Consider	  a	  par;cle	  (or	  person)	  that	  moves	  
every	  second	  randomly	  one	  step	  leg	  or	  right	  

•  Where	  is	  its	  most	  probable	  posi;on?	  
•  What	  is	  the	  most	  distant	  point	  it	  visited	  

posi;on	  

;me	  (s)	  

0	  

5	  



The	  Galton	  board	  

The	  ‘Random	  walk’	  experiment:	  
-‐  Take	  spheres	  
-‐  Throw	  them	  in	  a	  Galton	  board	  
-‐  Look	  where	  they	  ended	  up	  

à	  Video	  

Green:	  obstacles	  (nails)	  
Red:	  Spheres	  

posi;on	  x	  

;me	  (s)	  

0	  

5	  

Distance	  between	  nails:	  Step	  width	  



Random	  Walk:	  Features	  

•  The	  average	  value	  of	  x	  is	  zero	  
(no	  net	  transloca;on/direc;onality)	  

•  The	  longer	  the	  ;me	  the	  broader	  the	  final	  
distribu;on	  

•  Width	  =	  Mean	  squared	  displacement	  (MSD)	  that	  
equals	  

•  Par;cles	  explore	  posi;ons	  between	  x	  =	  0…s·∙t	  
(with	  s	  being	  the	  step	  size),	  but	  efficiently	  
posi;ons	  up	  to	  	  

x= 6Dt

x= 6Dt



Diffusion	  in	  solu;on	  is	  a	  3D	  
random	  walk	  

I1
I 2
I 3

r

After n steps the molecule has 
moved a distance given by the 
vector r"

r = I i
i =1

n

∑ r = 0

  

r2 >0

The average of all vectors r, <r>, is 
zero "

The average distance the molecule has travelled 
after a certain number of steps or time is larger than 
zero"



Particle transport by diffusion follows a random walk in time 

I1
I 2
I 3

r After n steps the molecule has moved 
a distance given by the vector r"

mean squared 
displacement in 
three dimensions:"

Gaussian distribution"

equivalent to same D 
value at different times"

� 

r2
x,y,z

=6Dt



Displacement	  of	  proteins	  due	  to	  
diffusion	  ager	  a	  certain	  ;me	  

d2

x
= 2 D t

d2

x, y
=4 D t

d2

x, y, z
=6 D t

one dimension:"

two dimensions:"

three dimensions:"

D (in cm2·s-1) is the diffusion coefficient"
(reference state: pure water at 20 ˚C)"
"
Lysozyme and other proteins (10 - 100 kDa):"
 D = 10-6 cm2·s-1 = 100 µm2·s-1"
"
RNA polymerase II complex (2000 kDa): D ≈ 10-7 cm2·s-1 "



The	  value	  of	  D	  depends	  on	  the	  temperature	  T,	  the	  
viscosity	  h	  of	  the	  solu;on	  and	  the	  hydrodynamic	  radius	  

r	  

� 

D= kBT
f

= kBT
6π ηr

Stokes-Einstein 
relation"

The hydrodynamic radius r is the radius of a sphere that 
would have the same diffusion coefficient than the particle"

kBT (Boltzmann constant timers temerature) = 4·10-21 J at physiological 
temperature"
viscosity η for water/buffer is 1·10-3 Pa s"

  

f=6π ηr Stokes relation for friction coefficient 
f of a sphere with radius r!



•  mass M of the molecules	

•  density ρ of buffer, 0.9982 g ml-1 for water at 20 ˚C	

•  viscosity η of buffer, 1.002 mPa second for water at 20 ˚C 

Parameters	  that	  describe	  the	  hydrodynamic	  
proper;es	  of	  macromolecules	  in	  solu;on	  

•  sedimentation coefficient s 

•  frictional coefficient f 

•  diffusion coefficient D 

•  partial specific volume v bar (   )	

	protein: 0.73 ml g-1, DNA: 0.55 ml 
g-1 



Time after force is applied"

short period (10-9 sec) to reach constant velocity"

Resisting force"fv	

from viscous drag" Driving" force"Fx	


Directed movement in solution induced by an external 
force (gravitation, centrifugation, electric field)"

⇒   if we measure the velocity of motion produced by a known force"
     we can determine the friction coefficient and diffusion coefficient"



Transla;onal	  and	  rota;onal	  fric;onal	  
coefficients	  	  

A particle is moved with velocity v. Ff is the resulting 
frictional force with the frictional coefficient ft for the 
translation"

For the rotation of a  particle with angular velocityω the 
frictional torque Tr resiting rotation has the frictional 
coefficient fr"

The frictional coefficient f is related to the 
diffusion coefficienten D as derived by Einstein"



Fric;onal	  coefficient	  of	  a	  spherical	  protein	  

A sphere has radius r and volume V."

  

f =6⋅π ⋅η⋅r

  

Vsphere=
4
3
⋅π ⋅r3

For the translation the resulting frictional 
coefficient f in a medium with viscosity η 
can be calculated according to Stokes law."

V is calculated from molecular mass M, the partial 
specific volume v bar (   ) and Avogadros number 
NA."

  

Vsphere=
M ⋅v
NA v bar is about 0.73 ml/g for proteins and 0.55 ml/g 

for DNA 

The frictional coefficient fr for the rotation"



Parameters	  that	  describe	  the	  hydrodynamic	  
proper;es	  of	  macromolecules	  in	  solu;on	  

Sedimentation coefficient s depends 
• on friction coefficient f (= shape) 
• on molar mass M (or particle mass m) 
• density ρ of buffer, 0.9982 g ml-1 for 
water at 20 ˚C 
• viscosity η of buffer, 1.002 mPa second 
for water at 20 ˚C 
• partial specific volume v bar (   )	

  protein: 0.73 ml g-1, DNA: 0.55 ml g-1 

Diffusion coefficient D depends 
• on shape = frictional coefficient f (not on 
particle mass!) 
• absolute temperature T 
• Boltzmann constant k 



Wachsmuth, M., Caudron-Herger, M. and Rippe, K. (2008). Biochim. Biophys. Acta 1783, 2061-2079. 

protein:" DNA:"

 double mass M => 0.8 fold lower D!  double mass M => 0.7 fold lower D!

Dependence of diffusion coefficient D and molecular mass M!

Protein mobility due to diffusion 



Why	  studying	  diffusion?	  

Learn	  about:	  	  
•  the	  macromolecules	  
•  maximum	  reac;on	  rates	  
•  the	  environment	  (around	  the	  tracer)	  
•  paUern	  forma;on	  
•  many	  other	  things	  



Ac;vity	  and	  mobility	  

•  Structural	  protein	  à	  immobile	  
•  Ac;ve	  chroma;n	  remodeler	  à	  immobile	  
	  

Examples:	  
•  High	  mobility	  of	  HP1:	  	  
Only	  small	  part	  is	  structural	  

•  High	  mobility	  of	  ISWI	  remodelers:	  
Only	  small	  part	  is	  ac;vely	  remodeling	  



Smoluchowski	  limit	  

•  For	  chemical	  reac;ons	  both	  reactants	  have	  to	  
collide,	  which	  they	  do	  during	  their	  random	  
walk	  

•  Thus,	  the	  maximum	  reac;on	  rate	  is	  
determined	  by	  the	  diffusion	  coefficients:	  
	  
A	  +	  B	  à	  C	  

kmax = DA+ DB( ) rA + rB( )N0 /1000



The	  Smoluchowski	  diffusion	  limit	  of	  a	  bimolecular	  
reac;on	  

  

kencounter = 4π DA+DB( ) rA+rB( )N0
diffusion 
coefficient
s"

Avogadro’s 
number"

reaction"
radii"

in M-1 s-1"

independent of radius r"
  

rA = rB and DA = DB = kBT
6πη r

  

kon= 8
3
⋅kBT
η

⋅N0

  

kon=6.4 ⋅109 M−1 s−1

for two identical particles"

kBT/ η = 4·1021 J/ 1·10-3 Pa s"
= 4·10-18 m3 s-1 = 4·10-15 liter s-1 "
No = 6.022·1023 mol-1"

  

A+B
kencounter

⎯ → ⎯ ⎯ ⎯ AB



Finding	  home	  ...	  

Drunkard: “Will I ever, ever get home 
again?” "

George Pólya (1921): “You cant’t miss; just keep going and stay out of 
3D!” "



The	  mean	  diffusion	  ;me	  to	  reach	  a	  smll	  target	  of	  
radius	  r	  in	  the	  middle	  of	  a	  cell	  of	  radius	  R	  with	  R	  >>	  r	  

Protein with diffusion constant 
D"

R "

target with radius r"

one 
dimension:"

two dimensions:"

three dimensions:"

  

τ3 = R2
3D3

⋅Rr  

τ2 = R2
2D2

⋅ln R
r

⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟   

τ1= R2
3D1



How	  long	  would	  it	  take	  on	  an	  average	  for	  RNA	  
polymerase	  II	  to	  find	  its	  target	  promoter?	  

Pol II complex (M ≈ 2 000 kDa)"
Deff ≈ 2·10-8 cm2·s-1 "

one dimension: t ≈ 4 sec"
two dimensions: t ≈ 40 sec"
three dimensions: t ≈ 2000 sec   "

5 
µm "

target promoter (r = 5 
nm) "



For	  a	  protein	  with	  D	  =	  10-‐6	  cm2·∙s-‐1	  the	  displacement	  ager	  1	  sec	  
would	  be	  24	  µm	  in	  3	  dimensions	  and	  14	  µm	  in	  1	  dimension	  

"
"

24 
µm"

14 
µm"



Facilitated	  diffusion	  of	  proteins	  on	  
DNA	  

the problem: How will a protein find its 
binding site on a long DNA?	


?!



Model	  for	  facilitated	  diffusion	  of	  
lac	  repressor	  



RNA	  polymerase	  finds	  its	  promoter	  by	  “sliding”	  
along	  the	  DNA	  as	  visualized	  by	  SFM	  

Guthold, M. et al. (1999). Direct observation of one-dimensional diffusion and 
transcription by escherichia coli RNA polymerase. Biophys J 77, 2284-2294.!

DNA"

E. coli RNA 
polymerase"



Anomalous	  diffusion	  

Free	  diffusion	  vs	  anomalous/obstructed	  diffusion	  
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Fractal	  chroma;n?	  

Romanesco	  broccoli	   Koch	  snowflake	  

•  From	  mobility	  measurements	  one	  can	  infer	  that	  
chroma;n	  folds	  back	  more	  ogen	  than	  expected	  
à	  maybe	  it	  is	  a	  fractal	  globule	  

•  Fractals	  are	  self-‐similar	  paUerns	  



Fractal	  chroma;n?	  

Euchroma;n:	  
large	  fractal	  dimension	  

Heterochroma;n:	  
small	  fractal	  dimension	  

500	  kDa	  dextran	  

Hoechst	  

Accessible	  space:	  white	  
Fractal	  contour:	  black	  



Diffusion-‐driven	  paUerns	  
•  Reac;on-‐diffusion	  systems	  can	  create	  paUerns	  
•  Required:	  	  
Ac;vator	  and	  inhibitor	  with	  different	  mobility	  

Tiger	   Leopard	  



Diffusion-‐driven	  paUerns	  

(a)	  (b)	  (c)	  Numerical	  simula;ons	  

(d)	  Cheetah	  tail	  markings	  

(e)	  Jaguar	  tail	  markings	  

(f)	  Genet	  tail	  markings	  

(g)	  Leopard	  tail	  markings	  

à  PaUerns	  can	  be	  predicted	  based	  on	  	  
mobility	  parameters	  and	  boundary	  condi;ons	  



Summary	  I	  

•  Thermal	  energy	  is	  very	  important	  in	  biological	  systems	  (=	  
small	  systems)	  

•  All	  macromolecules	  diffuse	  quickly,	  otherwise	  they	  bind	  
very	  strongly	  to	  immobile	  things	  like	  chroma;n	  

•  Fric;on	  instead	  of	  mass	  determines	  par;cle	  mobility	  
•  Without	  media;ng	  transport	  in	  a	  par;cular	  direc;on	  

diffusion	  allows	  for	  exploring	  the	  environment	  
•  Studying	  diffusion	  can	  tell	  you	  something	  about	  the	  

diffusing	  par;cle	  and	  about	  its	  environment	  



Summary	  II	  

•  Free diffusion is fast (seconds) on the length scale of the 
cell (µm)."

•  The average displacement from the start after some 
time is smaller in one dimension than in 3 
dimensions. However:"

•  Finding a target site is much faster if the space that 
has to be searched by the protein is reduced."


