
all binding sites are
equivalent and independent

cooperativity heterogeneity

all binding sites are
equivalent and not independent

cooperativityheterogeneity

all binding sites are
not equivalent and not independent

all binding sites are
independent but not equivalent

simple

difficult

very
difficult

Increasing complexity of equilibrium binding descriptions



An example for complex binding: oxygen binding to hemoglobin







Similar scenario for transcriptional regulation: 
repressor/activator that becomes active/
inactive in the ligand bound state, see  
Phillips, R. (2015). Napoleon Is in Equilibrium. 
Annu Rev Condens Matter Phys.





How to describe the ligand binding curve to a 
macromolecule with 4 binding sites? 

ν for n binding sites (Adair equation)
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ν = [boundligand P]
[macromolecule D]

degree of binding ν



Expression degree of binding ν  for four sites

DP1 <-> D + P;    K1 = D·P / DP1;   DP1 = D·P / K1

DP2 <-> D + 2P;  K2 = D·P2 / DP2;  DP2 = D·P2 / K2 
DP3 <-> D + 3P;  K3 = D·P3 / DP3;  DP3 = D·P3 / K3

DP4 <-> D + 4P;  K4 = D·P4 / DP4;  DP4 = D·P4 / K4



Expression degree of binding ν  for four sites
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ν 4 =

1
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⋅ Pfree
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ν 4 = K2K3K4 ⋅ Pfree
1 + 2K1K3K4 ⋅ Pfree

2 + 3K1K2K4 ⋅ Pfree
3 + 4K1K2K3 ⋅ Pfree

4

K1K2K3K4 + K2K3K4 ⋅ Pfree
1 + K1K3K4 ⋅ Pfree

2 + K1K2K4 ⋅ Pfree
3 + K1K2K3 ⋅ Pfree

4

ν4 =
bound ligand

macromolecule
= DP1 + 2DP2 + 3DP3 + 4DP4

D + DP1 + DP2 + DP3 + DP4

DP1 <-> D + P;    K1 = D·P / DP1;   DP1 = D·P / K1

DP2 <-> D + 2P;  K2 = D·P2 / DP2;  DP2 = D·P2 / K2 
DP3 <-> D + 3P;  K3 = D·P3 / DP3;  DP3 = D·P3 / K3

DP4 <-> D + 4P;  K4 = D·P4 / DP4;  DP4 = D·P4 / K4



“Allostery”: Modifying activity by ligand binding induced 
switching between different conformational states

T Deoxy (tense) state
with low binding affinity

R Oxy (relaxed) state
with high binding affinity

T state R state



T Deoxy (tense) state
with low binding affinity

R Oxy (relaxed) state
with high binding affinity





The Monod-Wyman-Changeau (MWC) 
model for cooperative binding

+P
T0 T1 T2

R0 R1 R2

L0 L1 L2

kT

+P

kR

+P

kR

+P

kT

T conformation 
(all binding sites

are weak)

R conformation 
(all binding sites 

are strong)

• in the absence of ligand P the the T conformation is favored 
• the ligand affinity to the R form is higher, i. e. the dissociation constant kR< kT. 

• all subunits are present in the same confomation 
• binding of each ligand changes the T<->R equilibrium towards the R-Form

P P P P P
P

P P
P P

+P

kT

+P

kT

T3 T4

P P P P P

P P

P P

P

L3 L4

+P

kR

+P

kR
R3 R4



The Monod-Wyman-Changeau (MWC) 
model for allosteric transitions

fractional occupancy of 
hemoglobin with ligand

protein fraction in the R state

allosteric constant determined by ratio of proteins 
in the T and R states in the absence of ligand

ratio of binding constants for R and T states

normalized ligand concentration

ν = Lcα (1+ cα )n−1 +α (1+α )n−1

(1+α )n + L (1+ cα )n



The Koshland-Nemethy-Filmer (KNF) 
model for cooperative binding

+P

k1

+P

k2

• Binding of ligand P induces a conformation change in the subunit to which it binds
  from the α into the β-conformation (“induced fit”).
• The bound ligand P facilitates the binding of P to a nearby subunit
  in the α-conformation (red), i. e. the dissociation constant k2 < k’2.
• subunits can adopt a mixture of α−β confomations.

α-conformation
β-conformation
(induced by 
ligand binding)

+P

P

P

k’2

P PP

α-conformation
(facilitated binding)



Example: binding of a protein P to a DNA- 
fragment D with one or two binding sites

binding of the first proteins with
the dissociation constant K1 

Dfree, concentration free DNA; Pfree, concentration free protein;
DP, complex with one protein; DP2, complex with two proteins; 

binding of the second proteins with
the dissociation constant K2

alternative expression 



Difference between microscopic and  
macroscopic dissociation constant

kD kD

kD kD

Dfree

DP

DP2

microscopic binding macroscopic binding

2 possibilities for 
the formation of DP

2 possibilities for the 
dissociation of DP2

K2 = 2kd

K1 =
kd
2

K1
K2

= kd 2
2kd

= 1
4



Cooperativity: the binding of multiple ligands 
to a macromolecule is not independent

ν 
2

 P free (M)

0

0.5

1

1.5

2

0 2 10-9 4 10-9 6 10-9 8 10-9 1 10-8

independent binding
microscopic binding constant
kD = 10-9 (M)

macroscopic binding constants
K1 = 5·10-10 (M); K2 = 2·10-9 (M)

cooperative binding
microscopic binding constant
kD = 10-9 (M)

macroscopic binding constants
K1 = 5·10-10 (M); K2 = 2·10-10 (M)

ν2 =
K2Pfree + 2Pfree

2

K1K2 + K2Pfree + Pfree
2Adair equation



Logarithmic representation of a binding curve

 P free (M)

0

0.5

1

1.5

2

10-11 10-10 10-9 10-8 10-7

ν 
2

• Determine dissociation constants over at least three orders of a ligand concentration
• Chemical potential µ is proportional to the logarithm of the concentration.

independent binding
microscopic binding constant
kD = 10-9 (M)

macroscopic binding constants
K1 = 5·10-10 (M); K2 = 2·10-9 (M)

cooperative binding
microscopic binding constant
kD = 10-9 (M)

macroscopic binding constants
K1 = 5·10-10 (M); K2 = 2·10-10 (M)



Binding to n identical binding sites

binding to a single binding site

binding to n independent and
identical binding sites

strong cooperative binding
to n identical binding sites with Kn = (kd)n

approximation for cooperative binding to
n identical binding sites, αH HiIl coefficient

νn =
n⋅Pfree
kD+Pfree

νn =
n⋅Pfree

αH

KαH +Pfree
αH



Hill coefficient and Hill plot

approximation for cooperative binding to
n identical binding sites, αH HiIl coefficient
Lfree is free ligand

The HiIl αH coefficient characterizes the degree of cooperativitiy. It varies from 
1 (non-cooperative vinding) to n (the total number of bound ligands)

αH > 1, the system shows positive cooperativity
αH = n, the cooperativity is infinite
αH = 1, the system is non-cooperative
αH < 1, the system shows negative cooperativity

The Hill coefficient and the ‘average’ Kd can be obtained from a Hill plot, which 
is based on the transformation of the above equation



Fit of experimental data for binding of O2 to hemoglobin

αH = 2.8

Bo
un

d 
fra
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io

n 
th
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a

MWC model (n = 4)
R = 9000
c = KR/KT = 0.014
KR = 2.8

θ = RcL (1+ c L)n−1 + L (1+ L)n−1

(1+ L)n + R(1+ c L)n n

L (free/normalized ligand concentration; pO2 in torr)
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ν 4 = K2K3K4 ⋅ Pfree
1 + 2K1K3K4 ⋅ Pfree

2 + 3K1K2K4 ⋅ Pfree
3 + 4K1K2K3 ⋅ Pfree

4

K1K2K3K4 + K2K3K4 ⋅ Pfree
1 + K1K3K4 ⋅ Pfree

2 + K1K2K4 ⋅ Pfree
3 + K1K2K3 ⋅ Pfree

4



Hill coefficient and Hill plot

αH HiIl coefficient
Lfree is free ligand
K average microscopic binding constan

rearrange the terms to get

which yields the Hill equation

€ 

log θ
1−θ
$ 

% 
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' 

( 
) =αH logLfree − logK

αH



Visualization of binding data - Hill plot
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A gradient of the Bicoid transcription factor in the Drosophila 
embryo leads to expression of the Hunchback protein

Gregor, T., Tank, D.W., Wieschaus, E.F., and Bialek, W. (2007). Probing the limits to positional information. Cell 130, 153–164.



Number and distribution of Bicoid-binding sites in the P2 
promoter of hunchback (hb) of five species of flies.

Simpson 2002, Nat Rev Genet 3, 907

red: strong binding sites
blue: weak binding sites



Best fit of Bicoid-Hunchback relation to Hill equation with n = 5

Gregor, T., Tank, D.W., Wieschaus, E.F., and Bialek, W. (2007). Probing the limits to positional information. Cell 130, 153–164.

Hb transcription is activated by cooperative binding of Bcd molecules 
for which 7 Bcd-binding sites are present at the hb promoter



Binding of heterochromatin protein 1 (HP1/Swi6) to chromatin

1

2 3

4

1 2 3 4

21

34



Binding model of Swi6 dimer with two stacked nucleosomes



Binding affinity of Swi6 to a mononucleosome depends on 
methylation a lysine 9 of histone H3 (H3K9me3)



Nucleosome conformation determines cooperativity/allostery



Spatial folding of the nucleosome chain is linked to protein binding

15-bp linker

47-bp linker

12-nucleosome zigzag lattice:

 - HP1 dimer

12-nucleosome lattice with long linkers: 24 HP1 dimers

12-nucleosome lattice with short linkers: 10 HP1 dimers



Binding curve difference might reflect stoichiometry differences



Summary

Ways to look at the binding constant K:

• K = exp(-ΔG/RT) 

• K = rate_binding / rate_dissociation

• K = probability of binding; occupancy: KB  x concentration

Ways to visualize binding curves:

• Linear (Langmuir) plot: ν = f(Pfree)  

• Logarithmic plot: ν = f(Log(Pfree))

• Hill plot: Log(θ/(1- θ))/Log = f(Pfree), θ=ν/n 

Thermodynamic equilibrium: ∆G, KD and KB; ∆G = - R T ln(KD); KB=1/KD

Parameters and models:

• stoichiometry/number of binding sites 

• microscopic/macroscopic affinity, cooperativity, heterogenity, allostery

• independent binding, all-or-none binding, Hill coefficient for complex binding

• MWC and KNF model for allosteric binding



The “simple” Michaelis-Menten reaction

� 

 E  +   S  
k-1

← ⎯ ⎯ ⎯ 

k+1⎯ → ⎯ ⎯ ES 
k-2

← ⎯ ⎯ ⎯ 

k+2⎯ → ⎯ ⎯ E +  P

e0-x      s0-x−p                     x                                 p

� 

dx
dt

= k+1 ⋅ e0−x( ) ⋅ s0−x−p( )− k-1 ⋅x− k+2 ⋅x+k-2 ⋅ e0−x( ) ⋅ p

dp
dt

= k+2 ⋅x− k-2 ⋅ e0−x( ) ⋅ p

The second equation can be used to express x and dx/dt in dependence of 
p and dp but the resulting equation has no solution in p and t
⇒ simplifications like s0 >> e0 or dx/dt = constant



The “simple” Michaelis-Menten reaction

simplifications like S0 >> E0 and ES concentration = constant

binding to a single binding site Hill equation



Michaelis Menten kinetics

for k2 << k-1


